Abstract. An element x of a finite group G is called rational if all generators of the group hxi are contained in a single conjugacy class. If all elements of G are rational, then G itself is called rational. It was proved by Gow that if G is a rational solvable group then pðGÞ H f2; 3; 5g. We call x A G semi-rational if all generators of hxi are contained in a union of two conjugacy classes. Furthermore, we call x A G inverse semi-rational if every generator of hxi is conjugate to either x or x À1 . Then G is called semi-rational (resp. inverse semi-rational) if all elements of G are semi-rational (resp. inverse semi-rational). We show that if G is semi-rational and solvable then pðGÞ H f2; 3; 5; 7; 13; 17g, and if G is inverse semi-rational and solvable then 17 B pðGÞ. If G has odd order, then it is semi-rational if and only if it is inverse semi-rational. In this case we describe the structure of G.
Introduction
An element x of a finite group G is called rational if all generators of the group hxi are conjugate in G. If all elements of G are rational, then G itself is called rational. It was proved by Gow [3] that if G is a rational solvable group then pðGÞ H f2; 3; 5g. Here we write pðGÞ for pðjGjÞ, where pðnÞ is the set of primes dividing the natural number n. Definition 1. We say that an element x A G is semi-rational in G if there exists a positive integer m 0 such that every generator of hxi is conjugate in G to either x or x m 0 . We say that an element x A G is inverse semi-rational in G if every generator of hxi is conjugate in G to either x or x À1 . We say that a group G is semi-rational (resp. inverse semi-rational ) if every element of G is semi-rational (resp. inverse semi-rational) in G.
Note that semi-rational groups are not necessarily inverse semi-rational. In fact, a Frobenius group of order 78 is a semi-rational, but not an inverse semi-rational group.
Our main result is as follows:
Theorem 2. Let G be a finite semi-rational solvable group. Then pðGÞ H f2; 3; 5; 7; 13; 17g:
Furthermore, if G is inverse semi-rational then 17 B pðGÞ.
Observe that each prime p A f2; 3; 5; 7; 13g can actually divide the order of a semirational supersolvable group: consider the Frobenius (for p 0 2) group of order pð p À 1Þ=2. In fact, we will show (in Section 2) that if G is a semi-rational supersolvable group (or more generally, if G 0 is nilpotent) then pðGÞ H f2; 3; 5; 7; 13g. As for p ¼ 17, we do not know whether it divides the order of any semi-rational solvable group.
If jGj is odd, then G is semi-rational if and only if it is inverse semi-rational (see Remark 13). In this case we can show Theorem 3. Let G be a semi-rational group of odd order. Then one of the following holds:
(1) G is a Frobenius group of order 3 Á 7 a ;
(2) jGj ¼ 7 Á 3 b and G contains a normal Frobenius subgroup of index 3 with O 3 ðGÞ the Frobenius kernel. Moreover O 3 ðGÞT A Syl 3 ðGÞ for some subgroup T of order 3 and G=O 3 ðGÞ is the non-abelian group of order 21; (3) G is a 3-group.
Examples will be given to show that each of the three cases actually occurs. Rational groups appear in two problems concerning S 3 , the symmetric group of degree 3. One deals with groups G in which elements of the same order are conjugate, and the other with groups G in which elements with the same class size are conjugate. In the former case it was proved by Fitzpatrick [2] , and independently by Feit and Seitz [1] , that G G S 3 . In the latter case Zhang [11] and Knö rr, Lempken and Thielke [7] proved that if G is solvable, then G G S 3 (it is conjectured that this is true for G non-solvable as well).
Analogous problems for groups G of odd order (in which every element order and every conjugacy class size occurs at least twice) would be the cases in which either every element order or every conjugacy class size occurs exactly twice. Groups satisfying these conditions are semi-rational. In fact in both cases G is the non-abelian group of order 21. This was proved for the conjugacy class size case in [5] . For the element order case, this follows from a more general theorem of Li [8] . In fact, the two results on the groups of order 21 follow easily from Theorem 3.
Finally, we mention that it would be nice to find a characterization of the semirational groups in terms of properties of the field of values of their irreducible characters. However, we were unable to do this.
The structure of the paper is as follows. The second section contains some preliminaries and the supersolvable case. The third section is devoted to the proof of Theorem 2. Theorem 3 and some examples can be found in Section 4.
Our notation is standard.
Preliminaries
For an element x in the finite group G, we shall write AðxÞ ¼ AutðhxiÞ and B G ðxÞ ¼ N G ðhxiÞ=C G ðhxiÞ. We view B G ðxÞ as a subgroup of AðxÞ. Observe that x is semi-rational in G if and only if B G ðxÞ has at most two orbits on the set of generators of hxi. Also, we denote by fðnÞ the Euler function of the natural number n.
We start with two elementary lemmas.
Lemma 4. Suppose that the finite group G is (inverse) semi-rational and N is a normal subgroup of G. Then G=N is (inverse) semi-rational.
Proof. Let xN A G=N and choose x 0 A xN of minimal order. Since x 0 is semi-rational in G, there exists a positive integer m 0 such that if hzi ¼ hx 0 i, then z is conjugate in G either to x 0 or to x m 0 0 . We will show that if yN A G=N with h yNi ¼ hxNi, then yN is conjugate either to xN or to ðxNÞ m 0 in G=N. The complex number field will be denoted by C and the rational number field by Q. If d is a natural number and e a primitive dth root of unity, we set Q d ¼ QðeÞ. An element a A C is called quadratic if ½QðaÞ : Q ¼ 2.
Lemma 5. Let G be finite group.
(1) An element x of order n is semi-rational in G if and only if either x is an involution or jB G ðxÞj is divisible by To see part (3) , note that in this case A is cyclic and has order divisible by 4. Hence every subgroup of index 2 in A contains the (unique) involution t of A. So by (2) we have A ¼ B and x is rational.
If x is an element of order n of the abelian semi-rational group G, then jBj ¼ 1 so that fðnÞ ¼ 1 or 2. Now part ð4Þ follows.
To see part (5), let d be the order of x and let H ¼ GalðQ d =QÞ. If s A H, then sðwðxÞÞ ¼ wðx m Þ for some integer m relatively prime to d. So one verifies that H acts on the set X ¼ fwð yÞ j h yi ¼ hxig. However, jXj c 2 because x is semi-rational in G. Hence the subgroup of H that fixes wðxÞ has index at most 2 in H and the Galois correspondence yields (5) . r
We recall that if a group G is supersolvable then its commutator subgroup G 0 is nilpotent. The following result determines the primes that can divide the order of supersolvable semi-rational groups.
Proposition 6. Let G be a finite group such that G 0 is nilpotent. If G is semi-rational then pðGÞ J f2; 3; 5; 7; 13g, and if G is inverse semi-rational then pðGÞ J f2; 3; 5; 7g.
Proof. We use induction on jGj. Let M be a minimal normal subgroup of G. Then M is an elementary abelian p-subgroup for some prime p. Since by Lemma 4 the group G=M is semi-rational, we have pðG=MÞ J f2; 3; 5; 7; 13g. If M 1 , M 2 are distinct minimal normal subgroups of G, then G is isomorphic to a subgroup of G=M 1 Â G=M 2 . Then pðGÞ J pðG=M 1 Þ U pðG=M 2 Þ and we are done.
Hence we can assume that M is the unique minimal normal subgroup of G.
Hence B G ðxÞ is isomorphic to a subgroup of some factor group of G=G 0 . Since x is semi-rational of order p, B G ðxÞ is cyclic of order p À 1 or ðp À 1Þ=2. By Lemma 4, any factor group of G=G 0 is semi-rational and abelian, and by (4) of Lemma 5, the cyclic subgroups of any factor group of G=G 0 have orders 1, 2, 3, 4, or 6. Thus p A f2; 3; 5; 7; 13g and pðGÞ ¼ pðMÞ U pðG=MÞ J f2; 3; 5; 7; 13g. If G is an inverse semi-rational and p ¼ 13, then by (3) of Lemma 5, x has to be rational and jB G ðxÞj ¼ 12. However, G=G 0 has no cyclic section of order 12, a contradiction. So 13 B pðGÞ. This completes the proof. r Next we have two elementary field-theoretic lemmas.
Lemma 7. Let K be a subfield of C. Then the following are equivalent:
(a) K is generated over Q by quadratic elements;
where L is a subfield of C generated over Q by quadratic elements; (c) K is a Galois extension of Q and GalðK=QÞ is an elementary abelian 2-group.
Proof. Clearly (a) implies (b). Assume now (b) and let L ¼ Qða 1 ; a 2 ; . . . ; a n Þ, with a 1 ; . . . ; a n quadratic elements. Write G ¼ GalðL=QÞ. For every i, F i ¼ Qða i Þ is a normal extension of Q, being the splitting field of the minimal polynomial (of degree 2) of a i over Q. So L is a Galois extension of Q and each N i ¼ GalðL=F i Þ is a normal subgroup of index 2 in G. Observe that 7 n i¼1 N i ¼ 1, since L is generated by a 1 ; . . . ; a n over Q. Thus, G ¼ G=7 n i¼1 N i is isomorphic to a subgroup of the direct product Q n i¼1 G=N i and hence G is an elementary abelian 2-group. Let M be the subgroup of G consisting of the automorphisms that fix the elements of K. Then M is normal in G and hence K is a Galois extension of Q. Moreover, GalðK=QÞ F G=M is an elementary abelian 2-group. So we have (c).
Finally, we assume (c) and prove (a). Let M 1 ; . . . ; M k be the maximal subgroups of H ¼ GalðK=QÞ. As H is a 2-group, we have jH : M i j ¼ 2 for every i. Therefore for every i, the fixed field i Þ. For a prime q and a positive integer a, the group Uðq a Þ is a cyclic group (of order q aÀ1 ðq À 1Þ) if either q 0 2 or if q ¼ 2 and a c 2; otherwise it is of type C 2 aÀ2 Â C 2 . It follows that the largest factor group of exponent 2 of D has order 2 m if d is odd, and order at most 2 mþ1 if d is even. Now, GalðK V Q d =QÞ is a factor group of both D and GalðK=QÞ. Recalling that GalðK=QÞ is an elementary abelian 2-group by Lemma 7, we conclude that
Another simple fact that we need is the following result:
be the quaternion group of order 2 n , where n d 4. Then the following assertions hold.
(1) Every subgroup of G is either a cyclic group or a quaternion group.
(2) All elements in G À hxi are of order 4. The group G has a unique cyclic subgroup of order 2 m , for every m such that 3 c m < n.
(3) Every normal subgroup of index bigger than 2 in G is cyclic.
Proof. Claim (1) and the first part of Claim (2) are well known. So, if T c G is a cyclic group of order bigger than 4, then T c hxi, and the second part of Claim (2) follows. Claim (3) is [9, Proposition 9.10 (ii)]. r
Solvable semi-rational groups
The proof of Theorem 2 uses methods developed in [3] and [10] . We need the following definition.
Definition 10. Let H be a finite group and V an H-module over a finite field F. Let k be a divisor of jF Â j. We say that the action of H on V (or, for brevity, that V ) has the k-eigenvalue property if for every m A F Â of order k and for every v A V , there exists some g A G such that vg ¼ mv.
Clearly, in the above definition 'for every m of order k' can be replaced by 'for some m of order k', since the multiplicative group F Â is cyclic. We also remark that if the action of H on V has the k-eigenvalue property, than it also has the h-eigenvalue property for every divisor h of k. Proof of Theorem 2. We use induction on jGj. Using Lemma 4 and the usual subdirect product argument (see for example the first paragraph of the proof of Proposition 6), we can assume that G has a unique minimal normal subgroup V . Write jV j ¼ p n , where p is a prime. Then, working toward a contradiction, we can assume that p B p ¼ f2; 3; 5; 7; 13g (also p 0 17 if G is not inverse semi-rational), while pðG=V Þ J p U f17g (and even pðG=V Þ J p if G is inverse semi-rational). In any case, ðjV j; jG : V jÞ ¼ 1, so there is a complement H of V in G. As V is the only minimal normal subgroup of G, we see that V is a faithful irreducible H-module.
Let
We denote by j the Brauer character of H a¤orded by V and by K ¼ QðjÞ its field of values. As jHj is coprime to p, then j is in fact an ordinary character of H. So j is a sum of irreducible characters of H and hence K J L, where L is the field generated over Q by the set Y ¼ fwðhÞ j w A IrrðHÞ; h A Hg. Since H F G=V is semi-rational, then for every a A Y either a is quadratic or a A Q by (5) of Lemma 5. Hence, by Lemma 7, the field K is a Galois extension of Q and K is generated over Q by quadratic elements. Now, if M 0 is a maximal element (with respect to inclusion) of the family fC H ðvÞ : v A V ; v 0 0g, N 0 ¼ N H ðM 0 Þ and W 0 ¼ C V ðMÞ, then by [10, Lemma (4.1)] the action of N 0 =M 0 on W 0 is Frobenius, it has the k-eigenvalue property and, if j 0 is the Brauer character of N 0 =M 0 a¤orded by W 0 , the field of values K 0 ¼ Qðj 0 Þ is contained in K. Hence, by changing notation, we can assume that the action of H on V is Frobenius, with the k-eigenvalue property and that, again by Lemma 7, the field K is a Galois extension of Q, generated by quadratic elements. (But observe that the new G ¼ V z H is not necessarily semi-rational any more.) Also, clearly pðHÞ J p U f17g (resp. pðHÞ J p if G is inverse semi-rational). We now proceed in a number of steps.
, for some non-negative integers a, b. If q d 5 is a prime divisor of p À 1, then q also divides k. So by Remark 11, the subgroup H has an element of order q and by Lemma 12 (c), K contains a primitive qth root of unity, i.e. Q q c K. But this implies that GalðQ q =QÞ, which is (a cyclic group) of exponent q À 1 d 4, is a factor group of GalðK=QÞ, which is of exponent 2, a contradiction.
(II) b c 1.
Assume that b d 2, so that k ¼ ðp À 1Þ=2 is divisible by 9. We know that the action of H on V is a Frobenius action, so the Sylow subgroups of H are either cyclic or quaternion groups. Using the fact that H is solvable, one can deduce (see [10, Lemma (3.4)]) that there exists a normal subgroup M of H, with jH : Mj not divisible by 3, and such that M has a normal 3-complement K ¼ C Â Q where C is cyclic of odd order and Q is either a cyclic 2-group or Q F Q 8 . Let T A Syl 3 ðMÞ. Then M ¼ ðC Â QÞT.
Since 9 divides k, the action of H on V has in particular the 9-eigenvalue property. Fix an element m of order 9 in F Â . Then, for every v A V , there exists some h A H such that vh ¼ mv. By Remark 11, we have jhj ¼ 9. Let X ¼ fx A H : jxj ¼ 9g and, for x A X , write
the m-eigenspace of x in V . By the previous paragraph,
Write n ¼ dim F ðV Þ and m ¼ ½Q 9 : Q 9 V K. By Lemma 12 (a), (b), we know that m divides n and that dim F ðW x Þ c n=m. Further ½Q 9 V K : Q c 2 by Lemma 8, so m ¼ 3 or m ¼ 6. Hence 3 divides n and dim F ðW x Þ c n=3 for all x A X . We are now going to bound jX j. Clearly jX j c 6n 3 ðMÞ, where n 3 ðMÞ is the number of Sylow 3-subgroups of M (and hence of H). Observe that if Q is cyclic, then T centralizes Q, because in this case AutðQÞ is a 2-group. If Q F Q 8 , in any case T centralizes the (unique) involution in Q. Recall now that pðCÞ J f5; 7; 13; 17g and write C ¼ C 0 Â D, where C 0 is the Hall f5; 17g-subgroup and D is the Hall f7; 13g-subgroup of C. If q A f5; 17g, then the automorphism group of a cyclic q-group has order coprime to 3. Thus T centralizes C 0 . Hence Finally, we need to relate d to the dimensions of the eigenspaces W x . Since D is cyclic, by Lemma 12 (a) we get that e :
for some positive integer z. We know that n ¼ 3f for some positive integer f . Hence fðdÞ=12 divides f . We also know that dimðW x Þ c f for every x A X . Since by (1) we have jV j c P x A X jW x j, we get p 3f c jX jp 
Since by Lemma 8 we have ½Q 16 V K : Q c 4, it follows that 2 divides r and hence n ¼ 2f for some positive integer f . Also, by Lemma 12 (b), we have dim F ðW x Þ c n=r c f .
Denote now by X the set of all elements of order 16 of H. Clearly X J M. By Remark 11, we see that W x 0 q only if x A X . By the 16-eigenvalue property, we see that that V ¼ 6 x A X W x . Since jW x j c p f for every x A X , we get
Now the number of Sylow 2-subgroups of M is at most jDj, and each of these Sylow 2-subgroups is cyclic. Therefore jX j c 8jDj, and we obtain
where d ¼ jDj. Let c be any divisor of jDj and C be a subgroup of order c of D. Because C is cyclic, Lemma 12 (a) yields that m ¼ ½Q c : Finally, assume that p ¼ 17 and G is inverse semi-rational. Now (5) yields that d < 500 and hence, by (3), we get f c 2. Thus, by applying (4) we see that 3 2 , 5 2 , 7 and 13 do not divide d, so d divides 15. Now (3) implies that f ¼ 1. Therefore, n ¼ 2 and H is a subgroup of GLð2; 17Þ. In particular, 5 does not divide jHj and hence d divides 3.
Let X 0 ¼ fx A X : W x 0 f0gg be the set of the elements of H which have some non-zero m-eigenvector in V . If x A X 0 , then T ¼ hxi is the subgroup of order 16 of some Sylow 2-subgroup S of H. Also dim
In fact, since m A F ¼ GFð17Þ is an eigenvalue of x A AutðV Þ ¼ GLð2; 17Þ, then both eigenvalues of x belong to F. Note that they are distinct. Otherwise x is central in H, so hxi is normal in H and hence X J hxi. But then jX j c 8, against (2) It follows that jX 0 j is at most twice the number of Sylow 2-subgroups of H and hence jX 0 j c 2d. Observe now that V is covered by the one-dimensional subspaces fW x : x A X 0 g. This yields jX 0 j d 18 > 2d, the final contradiction. r 4 Semi-rational groups of odd order
We start with a remark.
Remark 13. If jGj is odd, then G is semi-rational if and only if it is inverse semirational. Assume that G is semi-rational. Then, for every element x A G, the automorphism group B G ðxÞ induced by G on hxi has at most two orbits on the set of the generators of hxi. But in a group of odd order no non-identity element is conjugate to its inverse. Thus, every generator of hxi is conjugate either to x or to x À1 . Hence, if G is semi-rational, it is inverse semi-rational. The converse is clear.
We now prove Theorem 3, which describes the semi-rational groups of odd order. In the proof we could have used Higman's result describing the solvable groups with just prime-power order elements (see [4, Theorem 1] ). We chose, instead, to present a self-contained argument.
Proof of Theorem 3. We use induction on jGj. Let y A G an element of order n 0 1. Since y cannot be rational, Lemma 5 implies that jB G ð yÞj ¼ fðnÞ is odd, we conclude that l ¼ 1. So the order of every element of G is a prime power and two elements of relatively prime order will never commute.
Let r be the smallest prime dividing jgj an d an element of order r. Then If jGj has only one prime divisor, then G is a 3-group and conclusion (3) holds. So we may assume that jGj is divisible by at least two distinct primes.
Let N be a minimal normal subgroup of G. As G is solvable by the FeitThompson theorem, N is an elementary abelian p-subgroup, for some prime p. Let Q be a p 0 -Hall subgroup of G. Then in the group QN no element of Q will commute with elements of N. So NQ is a Frobenius group with kernel N and Q a complement. Consequently ZðQÞ 0 1 (see [6, Satz 8.18 , p. 506]). Let a A ZðQÞ À f1g. Then a is a q-element for some prime q, and it will commute with an element of prime order for every prime dividing jQj. This forces Q to be a q-group. Thus G is a fp; qg-group.
As Q is a Frobenius complement, it is cyclic, generated, say, by b. Let jbj ¼ q v , where v is a positive integer. Clearly Q H C G ðbÞ and so q cannot divide
Thus v ¼ 1 and jQj ¼ q, and so jGj ¼ p w q for some positive integer w. Let P be a Sylow p-subgroup of G. Assume first that N G ðQÞ ¼ Q. Then N G ðQÞ ¼ Q ¼ C G ðQÞ and by a theorem of Burnside (see [6, Satz 2.6, p. 416]) G has a normal q-complement, which must be P. Moreover,
So q ¼ 3. Let z A P be an element of order p. Then G is a semi-rational group, jGj ¼ 3 7 Á 7 and G has a normal Frobenius subgroup K of index 3 in G; the Frobenius kernel of K is F ¼ O 3 ðGÞ (an elementary abelian group of order 3 6 ) and G=F is a Frobenius group of order 21. To prove that G is semi-rational, one observes that the elements of G are either 7-elements or 3-elements. If x A G is a 7-element, then N G ðhxiÞ is a Frobenius group of order 21 and hence x is semi-rational in G. If x is a 3-element, then x belongs to a Sylow 3-subgroup P of G. One checks easily that P is semi-rational. Hence G is semirational. We also observe that expðPÞ ¼ 9.
We give, finally, examples of semi-rational groups of even order. Example 3. Let H be a Hall f2; 3g-subgroup of SLð2; 7Þ. Then jHj ¼ 48 and H 0 F SLð2; 3Þ. Let G ¼ V z H be the semidirect product of H with the natural module V ¼ V ð2; 7Þ. Then G is semi-rational, but not inverse semi-rational.
Moreover, G 0 ¼ V z H 0 is inverse semi-rational.
Remark 14. A Sylow 2-subgroup of the symmetric group S 2 n of degree 2 n is a rational group and its derived length and exponent increase as n increases. Likewise, a Sylow 3-subgroup of the symmetric group S 3 n of degree 3 n is inverse semi-rational, and it has derived length and exponent that increase with n. Hence there is no upper bound for either the derived length or the exponent of a solvable semi-rational group.
We finish by mentioning some open problems. Problem 1. Let G be a solvable semi-rational group and K the field generated by the values of all irreducible characters of G. Is there an upper bound for the degree ½K : Q? Problem 2. Let G be a solvable group and k a positive integer. We say that element x A G is k-semi-rational in G if jB G ðxÞj has at most k orbits on the set of generators of hxi. (If k ¼ 1 then x is rational and if k ¼ 2 then x is semi-rational.) If every element is k-semi-rational in G, then is jpðGÞj bounded in terms of k?
